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1. Consider a queueing model for which there is unlimited service, i.e., an infinite number of
servers available. A self-service type situation is one example of such a model. Interarrival
time is exponentially distributed with rate A and service time is exponentially distributed
with rate . Let the state be the number of customers in the system. One could use the
general birth and death processes to analyze this model. Let the state be the number of
customers in the system.

(a) (5 points) Draw a rate transition diagram for this model and determine A, and u, for state
n | : .

(b) (10 points) Let p, be the steady-state probability of n customers in the system. Show that
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(¢) (10 points) Show that p, = HEe"2 n = 0,1, -
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eigenvalues of P are A, = 1,4; = 1/6. Apply Sylvester’s formula to get the followings.

(a) (10 points) Determine Zy and Z, :

(b) (15 points) Determine the analytical solution of P™ .

Hint: (Sylvestef's formula) Let P bea Square matrix of order s + 1. Let Ag, Ay, -+, As bethe

eigenvalues of P, and assume they are distinct. Then

: s
Pn = Z A{:Zk,
’ k=0

7, = nratk(P-}‘rl.ﬁl) |
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2. let P= [ ] be a transition probability matrix of a discrete time Markov chain. The

where matrix Zjy is given by

Is41 is the identity matrix of order s + 1.
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3. (F1%#8 > 15 %) Consider the following linear programming problem (P) where A is the
coefficient matrix, x is the decision variable vector, and c is the cost vector. The dual problem
of (P), which is denoted as (D), is also formulated in the following.

(P) :Minimizeex (D) : Maximize wb
- subjectto Ax>b subject towA < ¢
- x20 w20

Suppose thatx,isa feasible solution for (P), that is, Ax, > b, and w, is a feasible solution
for (D), that is, w,A <c. Please compare wob (that is, the objective function value of' (D)) and
¢xo (that is, the ob_]ectlve function value of (P)) and determine: Do they have the same value?
Or, is one larger than or equal to the other? Or, is one strictly larger than the other? You must -
provide convincing reasons to back up your answer (& £ 5485 G &). -

4. (3t E A - 15 %) Please solve the following linear programming problem and report the op- .
tlmal solution. Show your calculation process in detail (A £ 4B 4 ey it 58 42).
~ Minimize 6x1+ 9x2+ 15x3+ 6x4+ 9xs
subject to 4xi - 4x2+ 6x3+ x4+ 2x5>=6
3x1+ 3x2+ 6x3+ 3x4+ 9x5 >=12

X1, X2, X3, X4, X5 >=0

5. (@3 > 20 %) John is a manager in chiarge of running a department of 20 Python pro-
| grammers. Currently, he has a total of 15 projects that he can choose for his programmers.
After some thinking, he came up with the foll_oWirig “incidence matrix” indicating the best
composition for each project team. For example, John Considers that project 1 is best to be
handled by programmers 1, 3, ..., and 20. '

programmer proi'ect 1 | project2- ' project 3 project 15
1 1 0 1 0
2 0 0 1 1
3 1 0 0 0
20 1 | 0 1

(continued to the next pagé)
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As required by company policies, John must ensure that “no one in his dépaﬂment is left
behind;” that is, every programmer must have at least one project to work on. Because the
company must pay certain money to programmers doing each project, naturally they asked

John to choose some of the projects so that as little money is paid as poss1b1 (wh11e at the

same time ensurlng that no one is left behind).

‘Let a; denote the numeric value indicating whether programmer i can work on project j
or not. For example, for project 1, we have a1,1=1; a2,1=0, a31=1, ..., and az,1=1). Let ¢; be
the total costs that the company will have to pay to those programmers doing pfoject j. More-
over, let X; be the dec151on as to whether John should choose project j or not. To be precise,
X, is a binary decision variable such that “X= =1” indicates that John should choose project j
and “X;=0" indicates otherwise. :

Please formulate the above situation as a binary linear programming model. Note: you
are NOT allowed to define any more decision variable, parameters, symbols, etc. (R % B 47

KBTI R AR 2 RER).




