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Notation: In the following problems, R is the usual set of all real numbers. We will use
underlined letters such as a € R™ to denote a real, column vector a of length n. ||a|| means
the Frobenius norm of vector a, and 0 is the all-zero column vector of proper length. We will
use boldface letters such as A € R™*™ to denote a real matrix A of size m x n, and we will
write A = [a;;] € R™*™, where a;; is the (4, j)-th entry of A with subindices ¢ =1,...,m, and
j=1,...,n. AT is the transpose of matrix A. rank(A) denotes the rank of matrix A. I, is the
n X n identity matrix. det(A) and tr(A) are respectively the determinant and trace of square
matrix A. Unless otherwise stated, all vector spaces and linear combinations are over field R and
the orthogonality is with respect to the usual Euclidean inner product. By span{w;,...,w;}
we mean the vector space generated by vectors w,...,w; over R, and by dim(W) we mean
the dimension of vector space W over its base field R. w(t) is unit step (aka Heaviside step)
function defined as u(t) = 1if ¢ > 0 and u(t) = 0 if ¢ < 0; = is the convolution operator.
&L . f(t) = F(s) and 7! : F(s) — f(t) denote the unilateral Laplace and inverse Laplace
transforms for ¢ > 0, respectively. Primes of functions of one variable denote the derivatives
with respect to the variable, for instance, y'(z) = %y(w}, and by ™ (z) we mean the n-th order

derivative of y(x) with respect to variable z.

1. Let A = [aq,...,a,] € R™™. If rank(A) = m, which of the following statements is/are

true?

A) span{a,,...,a,} =R™

B) The linear system Az = b with unknown z is consistent for all b € R™.

D) Each row of A has a pivot position.

None of the above is true.

(A)
(B)
(C) The reduced row-echelon form of A does not have any zero row.
(D)
(E)
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2. Let M, N € R™ " be invertible matrices. Which of the following statements is/are always

true?

A Hl=M

(A) M~! is invertible and (M
(B) (MN)~! = N-IM~1.

(C) MN = NM.

(D) MT is invertible and (MT)~! = (M~1)T.
(E)

E) None of the above is true.

3. Let B € R?*2 and we know that

17
15

1
B2==
8{

Which of the following statements can be true?

(A) _
(B =
(B) _
(B7) = 55
(©) ;
@ =55
(D) _
(B ==

(E) None of the above can be true.
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63 —65 |
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4. Which of the following statements is/are false?

(A) If V is a real vector space of dimension k, then every generating set for V contains

exactly k real vectors.

(B) If S is a linearly independent set of k vectors from a vector space V of dimension k,

then & is a basis for V.

(C) If V is a subspace of W, then the dimension of V is less than or equal to the dimension
of W.

(D) If T is a linear operator on R™, B = {b;,...,b,} is a basis for R”, B = [by,...,b,],
and A is the standard matrix of 7°, then the matrix representation of T' with respect
to B is [T]s = BAB™L.

(E) All of the above are true.

5. On the two-dimensional xy-plane, let T'(m) be the linear transformation that will rotate
the vector m = [my, mg]’ by 60 degrees counterclockwise, and let U(m) be the linear
transformation that will generate the reflection of m about the x-axis. Which of the

following statements is/are true regarding U(T(m)) = [ug, ug]" given m = [1,1]7?
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6. For a symmetric and positive semi-definite matrix A = [a; ;] € R"*", which of the following

statements is/are true?

(A) X% 123 1 @ij 2 0.

(B) (%tr(A))" < det(A).

(C) ]mTAy‘ < \/(:vTAw ( TAy) for all z,y € R™.
(

D) If no eigenvalues of A are in the interval [p, g, then (A — pI,)(A — ¢I;) is positive
definite.

(E) Nomne of the above is true.

7. Let M and N be two non-trivial subspaces of R with sum M+N ={y+z:ye M,z €
N} = R"™ Which of the following statements is/are true?

A) dim(M) + dim(N) = n.

(

(B) For any z € R", there exists a unique pair y € M and z € NV such that z =y + z.
(C) If Baq and By are respectively bases for M and N, then By U By is a basis for R".
(

D) Let P be the orthogonal projection matrix from R™ onto M. Then z Pz = 0 when-
ever z € N.

(E) None of the above is true.
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8. Let U and V be two finite-dimensional real inner product spaces with Euclidean inner
products (.,+);, and (s,.);, and with ordered orthonormal bases By = {u;,uq,us} and
By = {vy,vy}, respectively. Let T : i/ — V be a linear transformation, and the matrix

representation of T with respect to By and By is given by

1 —2 1
1 0 —1|

Which of the following statements is/are true?

A=

(A) T is one-to-one and onto.

(B) If u=u; — ug, then \/(T(u),T(w)), = V2.

(C) For all u € U satisfying T(u) = v; + 3v,, the minimum value of \/(u, u),, is equal to

V5.
(D) The element u that achieves the minimal value of \/(u,u),, in statement (C) is u; +
2u;.

(E) None of the above is true.

9. For a square matrix A € R™*™ with rank(A) = k < n, write A = QR, where Q € R™**

has orthonormal columns and R = [r; ;] € R**" satisfying r;; = 0 for all i = 2,...,k and
j=1,...,2— 1. Which of the following statements is/are always true?
A) The row space of R equals the row space of A.

B) The space spanned by the first k£ + 1 columns of A has dimension equal to k.

(
(
(
(

)
)
C) Given b € R", the vector z € R™ that minimizes ||Az — b| satisfies Az = QQTb.
D) The vector z in the above statement (C) is unique.

)

(E) None of the above is true.
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10. A square matrix A = [a;;] € R3*3 with a;; # 0 for all 4,j has eigenvalues 0, 1 and 3.
Which of the following statements is/are true?

(A) A is diagonalizable.
(B) rank(AAT) = 1.

)
)
(C) The linear equation (A + 2I3)z = b with unknown z is consistent for any b € R3,
(D) If A is symmetric, then QTAQ defines an inner product for all z,y € R3.

)

(E) Noue of the above is true.
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11. Consider the following differential equation:
(2% + 22y — y?) de + (y? + 22y — 2%) dy = 0.
Which of the following statements is/are true?

(A) The normal form of this equation is not separable.

(B) This equation is not exact.

(C) There exists an integrating factor that depends only on z.
(D) There exists an integrating factor that depends only on y.

(E) None of the above is true.

12. Continue from Problem 11. Suppose (z,y) = (0,1) is on the solution curve of the differ-

ential equation. Which of the following statements is/are true?

(A) (z,y) = (1,0) is on the solution curve.

(B) (z,y) = (2,2) is on the solution curve.

(C) (z,y) = (4, 1+2‘/§) is on the solution curve.
(D) (z,y) = (4,2) is on the solution curve.

(E) None of the above is true.
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13. Consider the following differential equation:
y'(z) +y/(2) + L+ 2~ 2?)y(z) =0.
Which of the following statements is/are true?

(A) This is a nonlinear equation.

(B) There exists a trivial solution y(z) = 0 for all z.

(C) There exists a nontrivial solution for this equation.

(D) For this equation, there exist three particular solutions that are linearly independent

over R.

(E) None of the above is true.

14. Continue from Problem 13. Determine the particular solution y(z) satisfying y(0) = 1 and
v/ (0) = 0. Which of the following statements is/are true?
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15. Consider the following system of differential equations:

o' (t) — dz(t) + " (t) = 12
() +z(t) + ' (t) =0

#1358 297
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16. Consider the following second order differential equation
y'(z) + (z - 2y (z) + y(z) = =,

where the function y(z) satisfies the conditions y(2) = 2 and y'(2) = 1. Let
o0
y(z) = (= 2)" ) an(z - 2)"
n=0

with 7, an, € R and ag # 0 be the series solution to the above differential equation. Which

of the following statements is/are true regarding the values of r and a,?

(A) r=0.
B

)
(B)
(©)
(D)

)

Q
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(E) None of the above is true.
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17. Consider the following differential equation defined for all t € R

tz" () — 22'(t) — tz(t) = g(¢)

with initial conditions z(0) = 0 and z(1) = 1, where g(¢t) = f(t) * f(t) and f(¢t) =
Vvt —1u(t — 1). Which of the following statements is/are true regarding the values of
F(s) = L{f(t)} and the function g(¢)?

18. Continue from Problem 17. Which of the following statements is/are true regarding the

solution z(t) to the differential equation?

(A) z(t) is an evey function for |¢| < 1.
B) z(-1) =
(C) #'(0) = 0.
(D) 2'(1) <

(E)

E) None of the above is true.
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19. Consider the following boundary value problem for the bivariate function v(z, t)

o 2
—a—iv(m, t) = —W'U(I, t)

that is defined for z € [—, 7] and ¢t > 0 and satisfies the following conditions

v(=m,t) = v(m,t), forall t >0

, forallt >0

o(z,0) = { 2.sin(2x), Tf z € [0,7]
sin(4z), ifze[-m0

The solution v(z,t) can be represented in the following form
o0
v(z,t) = Z et [ay, cos (fr) + b sin (frz))
n=0

for some an, b, dn, fn € R with 0 < fo < f1 < -+ and |ag|+ |by| > 0 for all n = 0,1,. ..
Which of the following statements is/are true regarding the values of a, and b, in the

representation of solution v(z,t)?

(A
(B
(
(

) ap > 1and by <0.
)
C) az <0and by > 0.
)
)

ay <1andb; > 1.
D aganndbggl.

(E) None of the above is true.
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20. Continue from Problem 19. Which of the following statements is/are true regarding the

values of d, and f,, in the representation of solution v(z,t)?

(A) fo=0.

B) A=2

(C) d

(D) ds = 25.

(E) None of the above is true.




